Introduction
The accretion discs surrounding the growing supermassive black holes (SMBH) in active galactic nuclei (AGN) are expected to become gravitationally unstable at a distance of ∼0.01 pc from the black hole [1, 2] . Traditionally, this occurrence has been interpreted in relation to star formation: a self-gravitating disc, in this picture, would rapidly fragment and form stars [3, 4] . At the same time, it has been noted very early that the development of gravitational instability may also act as an efficient mechanism to produce torques through the effect of the resulting spiral structure and thus might be very effective in redistributing angular momentum within the disc and promote accretion [5] [6] [7] . As we shall see, the modern debate about these issues still concentrates on these two extreme cases. While we now have a much clearer understanding of the mechanism of growth and saturation of the instability in gaseous discs, and-especially though the use of high-resolution numerical simulationswe have clarified what are the main parameters regulating the disc structure and evolution, some questions are still unanswered. Are massive discs effectively truncated by star formation at the radius where they become self-gravitating, thus preventing accretion beyond these scales? Or does accretion proceed effectively through gravitational torques even in fragmenting discs, allowing the central black holes to be fed by gas on parsec scales?
From the observational point of view, on the one hand, it has now become quite clear that fragmentation in massive discs can be very important for the formation of compact, young stellar clusters in AGNs, and in particular in our own Galaxy [8, 9] . On the other hand, it is also clear that rotating gaseous discs exist on parsec scales in AGN [10] [11] [12] , often displaying a clear Keplerian rotation [10] .
All the issues discussed above bear important consequences not just for the dynamics of the disc itself, but, in a broader context, relate to the overall process of coevolution between the supermassive black hole and the host galaxy. The efficiency of star formation in the disc, the efficiency of the accretion process, and the related timescales and duty cycle of AGN activity are all often assumed as subgrid physics in simulations of galactic evolution on larger scales [17] [18] [19] , which turn out to be quite sensitive to the chosen subgrid prescriptions.
Advances in Astronomy
In this contribution, I will not try to give an exhaustive answer to the questions above. I will rather give an account of the progresses we have made in recent years in our understanding of these phenomena and highlight their importance in several contexts related to the feeding of supermassive black holes. I will first summarize, in Section 2, the state of the art about the evolution of gravitational instabilities in gaseous discs, from a purely theoretical point of view. In Section 3, I will describe the possible importance of gravitational torques in the formation of the seeds of supermassive black holes by direct collapse in the early evolution of pregalactic discs. In Section 4, I will address the issue of feeding the SMBH in AGN through gravitational torques, and the related issue of fragmentation of AGN discs. Finally, in Section 5 I will draw some conclusions.
Gravitational Instabilities in Gaseous Discs
The issue of the nonlinear evolution of gravitational instabilities in gaseous discs has been studied in great detail over the last 10-15 years [13, [20] [21] [22] [23] [24] [25] . As a result, despite the differences in the numerical methods adopted and in the setup used, a coherent picture of the overall dynamics is emerging. This issue has also been covered in several reviews, see for example Lodato [26] and Durisen et al. [27] , and the reader is referred to these papers for further details and for an application of these concepts to different astrophysical systems (such as protostellar and protoplanetary discs), which share similar characteristics.
Consider an accretion disc with surface density Σ(R), where R is the cylindrical distance to the central object of mass M, around which the disc is rotating in approximately centrifugal balance with angular velocity Ω(R). Let us also define the epicyclic frequency κ, which is equal to Ω in the case in which the rotation curve of the disc is Keplerian, Ω 2 = GM/R 3 . If the disc mass is high enough (M disc ≈ M), deviations from Keplerian rotation might arise [28] and κ is not going to be exactly equal to Ω. The disc midplane temperature is T(R), and the sound speed is c s ∝ T 1/2 . The disc thickness is H = c s /Ω for a non-self-gravitating disc and H = c 2 s /πGΣ for a self-gravitating disc: we shall see that for gravitationally unstable discs the two definitions are equivalent. For most cases, we will consider thin discs, for which H/R 1. Fundamentally, the dynamics of self-gravitating accretion discs depends on three dimensionless parameters. Firstly, there is the well-known axisymmetric stability parameter Q = c s κ/πGΣ [29] . The second important parameter is the ratio between the cooling time t cool and the dynamical time t dyn = Ω −1 , a parameter often called β = Ωt cool . Thirdly, we have the ratio between the disc mass and the central object mass M disc /M. As we shall see, each of these parameters controls some important features about the evolution of the gravitational instability.
The Role of Q:
Linear Stability. As mentioned above, the basic, and most widely used, criterion to determine the stability of a massive disc against gravitational perturbations is related to the linear dispersion relation in the WKB approximation for an infinitesimally thin disc [30] :
where ω is the frequency of the perturbation, k is the radial wave number, and m is the azimuthal wave number. The above dispersion relation is quadratic in k from which one easily sees that, for m = 0 (axisymmetric perturbations), ω 2 is positive (and the perturbation is stable) at all wavelengths if
Marginal stability occurs at Q = 1.
Here we should note that the above (local) dispersion relation is strictly speaking only appropriate for infinitesimally thin discs and for tightly wound perturbations (m/kR 1) for which the WKB approximation holds. Finite thickness effects generally act so as to dilute the effect of self-gravity, thus making the disc more stable and decreasing the marginal stability value of Q below unity (i.e., allowing a colder disc to remain stable). On the contrary, global perturbations are more unstable [31] thus effectively increasing the marginal stability value of Q.
For most cases considered here, the disc is close to being in Keplerian rotation, for which κ = Ω. In this case, it is easy to show that the requirement of marginal stability (Q ≈ 1) is equivalent to
where M disc = πΣR 2 is a measure of the enclosed disc mass within radius R. Thus, for marginally stable discs, "thin" and "light" on the one hand and "thick" and "massive" on the other hand are equivalent. Also note that, as mentioned above, when Q ≈ 1, the two expressions for the disc thickness in the non-self-gravitating and in the self-gravitating regime are indeed equivalent. AGN discs are generally quite thin, with H/R ≈ 10 −3 , and thus even a relatively light disc, much less massive than the central black hole, can be marginally stable. It is then easy, based on standard models of accretion discs around supermassive black holes [32] , to calculate the distance from the black hole at which the disc first becomes gravitationally unstable [2, 33] . This turns out to be of the order of 10 3 R • (where R • is the Schwarzschild radius of the black hole), or 0.01 pc, for a 10 8 M black hole. Thus, discs that extend beyond this radius are going to be gravitationally unstable: in order to determine their evolution, we need to understand the behaviour of the instability at the nonlinear stage: this is addressed in the next subsection.
The Role of β: Fragmentation versus Self-Regulation.
The details of the nonlinear evolution of the gravitational instability are best understood through the use of hydrodynamical simulations, which include the disc self-gravity. However, before discussing such simulations, let us make Advances in Astronomy 3 some preliminary remarks to guide us in the interpretation of the results of the simulation.
The very same fact that the linear stability of the disc depends on Q, which is directly proportional to the sound speed c s ∝ T 1/2 (where T is the disc temperature), offers a possible way to predict the nonlinear evolution of the system. In fact, the development of the instability will act as to feed back energy into the disc and to heat it up, thus making it more stable. In practice, the linear stability condition works as a "thermostat" for the disc, so that heating turns on only when Q drops below the marginal stability value, which we have seen is of order unity. If the thermostat works, we would expect the disc to be always close to marginal stability, at least under some conditions, in a so-called "self-regulated state" [34, 35] .
From a numerical point of view, it is clear then that if we want to catch the dynamics associated with self-regulation, we need to make sure that the instability is able to feed back energy into the disc, and we should not then use isothermal simulations (such as the pioneering ones of [36] ), which by constraint do not allow the disc to heat up. At the same time, we need to make sure that the disc is able to cool; otherwise, once the instability sets in, it will stabilize the disc forever (cf. the "perennial heating" problem for the spiral structure in galaxies), and we should thus also avoid pure Nbody simulations, unless special arrangements are made to artificially cool the disc down [37] .
One such approach has been taken by Gammie [20] , who ran local, shearing-sheet simulations of razor-thin discs, which were allowed to heat up through shocks and pdV work and to cool down, according to a simple cooling prescription, such that
where the cooling time t cool is a free input parameter for the simulation. While more complex approaches, which consider the details of the radiative transfer within the disc [38] , can certainly be adopted, such an approach should be considered as a useful "numerical experiment," in order to evaluate the disc response as a function of the main parameters, rather than as a "realistic" simulation of some particular system. Having clarified the main dependencies from the physical parameters, we may then establish the disc response in any particular system. Following this approach, a number of papers have considered the details of the process [13, 21, 24, 25] , extending the simulations to full 3D and considering thus global and potentially thick configurations, as a function of the main parameters of the system, such as the disc mass and thickness. Here, I will present a summary of the main results concerning the issue of fragmentation and self-regulation of the instability. In the next subsection, I will address the important issue of the locality of the induced transport. It turns out that the behaviour of the disc is actually determined by the ratio of t cool to the dynamical time in the disc,
It should be noted that, in most of the simulations described here [13, 20, 21, 24, 25] , the parameter β is taken to be a single-free parameter for each simulation, with no dependance on either time or position in the disc. This is certainly not realistic, as in fact the cooling time should and will depend on the local microphysics associated with the disc opacity and radiative properties. These simulations should thus be regarded as simple "numerical experiments," where we test the disc response in a controlled configuration, as a function of the main parameters. For an actual, astrophysically relevant disc, we would thus calculate at any given radius the cooling properties and thus infer the disc behaviour from our controlled experiments. In doing this, care should be taken that the results are not affected by global effects (see below) or by nonlinear effects induced by a temperature dependence of the cooling rate, which has been studied by Johnson and Gammie [39] and Cossins et al. [40] . If the cooling timescale is larger than a few dynamical timescales, an initially stable (large Q) disc cools down until Q becomes of the order of unity. At this stage, the disc becomes gravitationally unstable and develops a spiral structure which provides a heating source, through compressional heating and shock dissipation, able to balance the externally imposed cooling. Once in thermal equilibrium, the disc is characterized by an approximately constant value of Q very close to marginal stability. In such a state, a spiral structure persists in the disc, to provide the required heating. Therefore, the self-regulation mechanism described above determines the disc structure and evolution. Figure 1(a) shows the result of one such simulations, where in this case β = 10 and the total disc mass M disc = 0.1 M [13] . The colour plot shows the disc surface density, in which a spiral structure is clearly seen. Figure 1(b) shows the azimuthally and vertically averaged value of Q as a function of radius, for several simulations with the same mass ratio but with different values of β, as indicated. The disc in this case extends from R = 0.25 to R = 25 in code units. It is then seen that far from the boundaries (where the density drops and Q correspondingly grows) the disc is self-regulated, with Q ≈ 1 over a wide radial range. Cossins et al. [13] have also computed the amplitude of the perturbed surface density as a function of β. Analysis of the disc structure showed that while the cooling rate β does not influence the spectrum of wavenumbers that are excited, it does affect that amplitude of the density perturbations, such that
which is shown in Figure 2 . Thus as the cooling becomes more rapid (and thus as β decreases), the amplitude of the density perturbation increases. Similarly, it was found [13] that the spectrum of the radial wavenumber k peaks strongly where kH = 1, a result that can be predicted from the dispersion relation (1) but has now also been demonstrated numerically. This result is independent of both the cooling rate and the disc to star mass ratio. The behaviour described above changes when the cooling time is decreased to smaller values [20] . In this case, the disc does not reach a quasisteady self-regulated state but rather fragments into several bound objects. Figure 3 show the results of a simulation very similar to the one displayed in Figure 1 , but where the cooling time is decreased to β = 3 [24] . The presence of numerous high-density clumps is clearly seen. This result can be understood in the following way, by adopting a local approach to describe the instability. In a gravitationally unstable disc, the typical growth timescale of unstable perturbations is of the order of the dynamical timescale Ω −1 . The nonlinear stabilization of the perturbation only works if the heat generated by compression and shocks is not removed too efficiently from the disc through cooling. Since the perturbation grows on the Advances in Astronomy 5 dynamical timescale, if we want to avoid fragmentation, we require that cooling acts on a longer timescale. Note that the requirement that the cooling timescale be shorter than the dynamical timescale in order to result in fragmentation has been known for several years, even outside the context of disc instability [41, 42] . Note also that the existence of a critical cooling time below which the disc fragments can be easily related, through (6) , to a maximum value of the perturbation amplitude that can be sustained by the disc.
The exact value of the threshold for fragmentation does depend somewhat on the specific numerical setup and ranges from β = 3 to β = 6 [20, 24, 43] . Recently, the exact value of this threshold has been the subject of intense debate, as it was discovered [44] that the threshold value appeared to increase with increasing resolution in smoothed particle hydrodynamics (SPH) simulations (see also [45, 46] ). The same behaviour has also been seen in grid-based simulations [47] , and it has been shown that it actually depends on the chosen initial conditions. When carefully chosen initial conditions are used, the threshold value for fragmentation does converge and it turns out to be indeed of the order of β ≈ 6.
We can easily get a reasonable estimate of the mass of the fragments. Indeed, we expect M frag ≈ πΣλ 2 , where Σ is the local density and λ ≈ H is the typical wavelength associated with the instability. We thus obtain
where in the last equality we have used the fact that, for a marginally stable disc, πΣR 2 ≈ (H/R)M. For a typical AGN disc, where H/R ≈ 10 −3 -10 −2 and, say, M ≈ 10 8 M , the fragment mass thus corresponds to 0.1-100 M .
The Role of M disc /M: Global versus Local Dynamics.
The issue of locality of the dynamics associated with gravitational instability is essential if one wants to construct simple viscous models for self-gravitating accretion discs [48, 49] . Indeed, it has been long realized that the spiral structure determined by the instability can efficiently transport angular momentum [50] , and one may thus suppose that the instability, at the large scales where an AGN disc is unstable (and where probably the disc is too cold to support MHD instabilities, such as the magnetorotational instability, MRI), can produce the required "viscous" torque to allow the accretion of matter from ∼ parsec scales down to the innermost regions where the MRI takes over and releases the accretion fuel down to the SMBH.
In the standard α-prescription for accretion disc viscosity [32] , the relevant component of the viscous stress tensor T Rφ is simply parameterized in terms of the local pressure P, such that T Rφ ≈ αP. The dimensionless parameter α is thus simply a measure of the stress tensor in units of the local pressure. One might thus be tempted to compute the stress tensor resulting from the spiral structure seen in the simulations described above and directly compute an equivalent α parameter associated to the instability. This would be obviously best done for the cases where the disc is self-regulated and the instability saturates at a given perturbation amplitude, as discussed above. However, a fundamental problem arises in this case. This is related to the fact that the gravitational instability, is an intrinsically longrange instability and it is not clear whether the transport of energy and angular momentum associated with it can be simply expressed in terms of a local viscous process [51] .
The problem is best understood in terms of a WKB analysis of the energy and angular momentum fluxes associated with the instability [13] . For a local, viscous process the torque exerted on the discL α is related to the work done by viscosityĖ α via the Keplerian rotation rate Ω, such thaṫ
A similar but not equal relation governs the case where potentially global effects are mediated through wave transport. In a WKB analysis, the wave angular momentum and energy densities can be obtained [30] , and in turn the waveinduced torqueL w and power dissipationĖ w are found to be related via [13] Ė
where the pattern speed of the spiral perturbation is given by Ω p = ω/m. The transport properties of gravitationally induced waves are therefore determined not by the rotation rate of the disc material (cf. (8)), but by the pattern speed of the density waves themselves. As these waves are excited or absorbed, the power exchanged with the background flow for a given stress is therefore significantly different than that dissipated by a viscous process that provides the same stress to the extent to which Ω p is significantly different from Ω. The relative level of global versus local transport can hence be quantified via the parameter ξ, where
The analysis of Cossins et al. [13] also allows a spectrally averaged pattern speed to be determined, and thus in turn the nonlocal transport fraction ξ can be measured from the simulations. In agreement with Lodato and Rice [21, 25] , this shows that transport by gravitational waves is a predominantly local process for the systems modeled, with ξ ≈ 10% for M disc /M = 0.1 and increasing with increasing disc to star mass ratio. This is shown as a function of radius in the left-hand panels of Figure 4 , where the increase in nonlocality is clearly seen with q. A corollary of this, seen from the form of (10), is that the waves remain on average close to corotation, Ω p ≈ Ω.
The right-hand panels of Figure 4 show a further interesting result obtained from the simulations of Cossins et al. [13] -the wave Mach numbers. While the heavy lines shows the values relative to an external inertial frame, the lighter lower lines give the Doppler-shifted Mach numbers M, that is, those relative to a frame corotating with the flow. These Doppler-shifted values are almost exactly unity, implying that the density waves excited by the gravitational instability are only weakly supersonic, and furthermore this result is invariant with either cooling rate or mass ratio. The gravitational instability therefore self-regulates so that not only is Q ≈ 1, but also M ≈ 1. This result is intuitively reasonable in a quasisteady disc-subsonic waves would not impart any net heat to the disc (any compression heating is balanced by the corresponding rarefaction cooling), whereas a strong shock would be highly dissipative, leading to rapid evolution. Furthermore, the only way a fluid element can remain on a circular orbit when passing through an oblique (spiral) shock is if that shock wave has a unit Mach number. Actually, we can also show that the above-mentioned dependence of the factor ξ on the disc-to-star mass ratio M disc /M can be easily understood from the condition that these waves dissipate where they are almost sonic. In fact, using this sonic condition, we can rewrite (10) as
where v φ = ΩR is the azimuthal velocity of the disc, and the last equality holds for marginally stable discs (Q ≈ 1). This trend can actually be seen in Figure 4 (c).
Thus the assumption of a local, viscous-like process for the transport associated with gravitational instabilities is only valid for light discs, where M disc /M 1. It is in such cases that one can describe the secular evolution of the disc and the associated angular momentum transport in terms of an effective viscosity, and one can even choose to measure the stress induced by the spiral structure in units of the local pressure, thus obtaining an effective α sg value associated with gravitational instabilities. So, how large is the gravitationally induced α sg ? Lin and Pringle [6] propose the following parameterization:
Here Q is the value of Q at which the disc becomes unstable to nonaxisymmetric perturbations and η is a parameter to measure the strength of the induced torques. The above formulation is useful in practical cases, for example, when one wants to incorporate in a simple way the selfregulation mechanism in simple time-dependent models of self-gravitating discs. However, it lacks one important feature elucidated from the numerical simulations described above. In this picture, α sg only depends on the local value of Q and not on the cooling timescale t cool , which we have seen controls so efficiently the development of the instability. In particular, for self-regulated discs, we expect Q ≈ Q and the formula above would then produce a negligibly small α sg , while we know that a finite amplitude spiral structure is present in self-regulated discs and indeed it is this spiral structure that provides the heating to balance the imposed cooling rate. On the other hand, we know that the process of self-regulation and the saturation of the gravitational perturbation is fundamentally related to thermal equilibrium in the disc: the saturation amplitude of the instability is such that the power dissipated through shocks in the disc is just enough to balance the imposed cooling (hence the inverse relation described above and displayed in Figure 2) . In thermal equilibrium, the value of the viscosity parameter is simply related to the cooling rate [52] :
where the last equality holds in the case of a Keplerian disc. Indeed, the value of the stress induced by gravitational perturbation as computed directly from simulations of selfregulated discs [21, 23] agrees very well with the value predicted by (13) . Thus, in a self-regulated state, not only the fractional amplitude of the density perturbations, but also the induced stress are inversely proportional to the cooling time. Indeed, one can also interpret the fragmentation threshold in terms of α sg rather than in terms of β: there is a maximum value of the stress that can be supported by the disc without fragmenting [24] . Evaluating this critical α c from (13) using the critical value of β, one finds that α c ≈ 0.05-0.1. Clearly, all this applies in cases where thermal equilibrium is simply established by a balance between the viscous heating and the radiative cooling. In many interesting cases (including the outskirts of AGN discs), irradiation from the central object is going to play a major role in determining the thermal balance. In such cases, (13) should be modified, and an interesting and only rarely discussed issue is what determines fragmentation: is it the stress exceeding the critical value α c , or is it the cooling time dropping below the critical value [53] ?
What happens then for the cases where the disc mass is not much smaller than the central object mass? Here, we already know that we should expect deviations from the analysis discussed above, as transport should become significantly nonlocal. Once again, a change in behaviour has been observed in simulations [25] . The stress computed form the simulations does not agree anymore with (13), exceeding its prediction and peaking at values around unity. Furthermore, in these cases we have a situation where neither self-regulation nor fragmentation occurs. The disc simply cannot find a quasistationary nonlinear saturated, state and it keeps oscillating between periods of high spiral activity, where the stress would correspond to a local α of order unity, to periods of low activity, characterized by a temporarily high value of Q. A summary of the various possible behaviours of a selfgravitating disc as a function of the three main dimensionless parameters is displayed graphically in Figure 5 . Such picture summarizes effectively the various results discussed up to now.
Having discussed the main features of the gravitational instability in gaseous discs, I now turn to the application of the above results to the process that relates to the formation and growth of supermassive black holes in galactic nuclei.
The Formation of Supermassive Black Hole Seeds
One of the most important applications of the concepts described in the previous section to the context of supermassive black hole growth is the formation of massive BH seeds from direct gas collapse at high redshift. This issue has become particularly important due to the recent discovery of active quasars up to redshift z ∼ 6 [54, 55] and now even to a redshift as high as z ∼ 7 [56] , which indicates that supermassive black holes, with masses up to 10 9 M , were already in place when the Universe was only 10 9 years old and beyond. This clearly requires that the black hole growth occurred at very high rates, with an average of 1 M /yr. Such a rapid early growth poses serious challenges to models of their formation.
Some models [57] [58] [59] assume that the seeds of supermassive black holes are the remnants of the zero-metallicity first stars (the so-called Population III stars), which are expected to be relatively massive [60, 61] and thus produce black holes with a mass of up to 100 M . However, unless the efficiency of conversion of matter into energy through the accretion process is very low, it is impossible to grow the seeds to the required masses by z ∼ 6-7 through Eddingtonlimited accretion [62] . The problem here is that when the accretion rate is large, the radiation pressure produced by the accretion luminosity can exceed the gravitational force of the black hole and thus exceeding the Eddington limit. Now, if the accretion efficiency = L/Ṁc 2 exceeds ≈0.1 (where L is the accretion luminosity and c is the speed of light), the Eddington limit does not allow the large accretion rates needed to grow the seeds fast enough to become bright AGN by z ∼ 6 [62] . Note also that the Eddington limit is linearly proportional to the black hole mass, so that the problem of accreting at very high rates is particularly important in the earliest phases of the growth, when the black hole mass is small.
The efficiency is in turn dependent on the spin of the black hole, with high spin producing very large efficiencies ∼ 0.5. Accretion of matter naturally tends to spin up the hole [58] and hence to increase the efficiency, thus exceeding the Eddington limit for relatively lowṀ and preventing a fast growth of the hole. While recent calculations [63, 64] show that it is possible to keep the hole spin low if the growth occurs through several small randomly oriented accretion episodes [65] , we still have to face the issue of how to produce the high infall rates required.
Advances in Astronomy
Dynamics of self-gravitating discs no fragmentation Alternative models propose the direct formation of more massive seeds with masses of about 10 5 M directly out of the collapse of dense gas [66] [67] [68] [69] [70] [71] [72] . The key limiting factor for these models is the disposal of the angular momentum. Recently, it has been proposed [14, [71] [72] [73] ] that large-scale gravitational instabilities developing during the growth of pregalactic discs is the missing ingredient, able to funnel the required amount of gas into the center of the galaxy.
According to such models, the formation of the seeds of supermassive black holes occurs at a redshift z ∼ 10-15, when the intergalactic medium had not been yet enriched by metals forming in the first stars. As a consequence, the chemical composition of the gas at this early epoch is essentially primordial, that is, the gas is mostly hydrogen and helium. The cooling properties of this gas are, therefore, relatively simple. In particular, in the absence of molecular hydrogen, the main coolant is provided by atomic hydrogen, for which the cooling timescale becomes extremely long for temperatures smaller than ∼ 10 4 K, and we thus expect the gas to reach thermal equilibrium at a temperature T gas of the order of 10 4 K. Now, consider a dark matter halo (modeled, for simplicity, as a truncated singular isothermal sphere) of mass M halo and circular velocity V h , extending out to r h = GM halo /V halo , where E is its total energy. The probability distribution of the spin parameter of dark matter halos can be obtained from cosmological N-body simulations in Warren et al. [74] and is well described by a log-normal distribution peaking at λ = 0.05.
If the virial temperature of the halo T vir ∝ V 2 h is larger than the gas temperature T gas , the gas collapses and forms a rotationally supported disc, with circular velocity V h , determined by the gravitational field of the halo. For low values of the spin parameter λ, the resulting disc can be compact and dense. In this case, during the infall of gas onto the disc, its density rises until the stability parameter Q becomes of the order of unity. At this point, the disc starts developing a gravitational instability, which as we have seen above is able to efficiently redistribute angular momentum and allow accretion. Further infall of gas does not cause the density to rise much further, but rather it promotes an increasingly high accretion rate into the center. This process goes on until infall is over and the disc has attained a surface density low enough to be marginally gravitationally stable, that is, with Q = Q. It is then possible to calculate what fraction of the infalling mass needs to be transported into the center to make the disc marginally stable, as a function of the main parameters involved. In this way, we get [14, 73] 
where I have suggestively called M BH the accreted mass, since this mass is the total mass available for the formation of the black hole seed in the center.
However, for large halo mass, the internal torques needed to redistribute the excess baryonic mass become too large to be sustained by the disc, which might then undergo fragmentation. We have seen in the previous sections that the maximum torque that can be delivered by a quasisteady selfregulated disc is of the order of α c ≈ 0.06. Since the infall rate of gas from the halo is proportional to T 3/2 vir , we expect fragmentation when the virial temperature exceeds a critical value T max , given by (see [73] for details)
Although it is possible, as mentioned above, that accretion proceeds even for larger values of α in a highly time-variable way when the disc mass is large, and it is also possible that accretion proceeds even in a fragmenting disc, we make here the conservative assumption that all halos that violate, (15) , do fragment and do not accrete. Figure 6 illustrates the relationship between halo mass and black hole mass based on (14) for three different values of the spin parameter λ. The red line in Figure 6 corresponds to (15) , so that halos on the right of the red line are expected to fragment. We can thus see that the typical mass fed into the center of such pregalactic disc is of the order of 10 3 M up to 10 5 M . The typical accretion rates during this early epochs is of the order of 10 −2 M /yr [73] . If such high masses are assembled as seeds of supermassive black holes at redshift 10-15, it is then easy to grow through Eddington-limited accretion to 10 9 M by z = 6, as required by observations. Equation (14) provides a powerful link between the properties of dark matter haloes and the mass of massive seed black holes that can grow within them. As shown, the amount of mass that will be concentrated in the central regions of these pregalactic discs depends only on halo properties (such as the spin parameter λ and the fraction of baryonic mass that collapses to the disc m d ), on the ratio Advances in Astronomy between gas temperature and halo virial temperature, and on the threshold value of Q, which has a very small range of variation around Q ≈ 1. This simple model has been used to calculate several properties of the black hole population at high redshift. In particular, from the distribution of halo masses and angular momentum, it is straightforward to derive the mass function of the supermassive black hole seeds Lodato and Natarajan [14] , which turns out to be strongly peaked at around 10 5 M , as shown Figure 7 (a). Furthermore, it is also possible to include such a simple prescription within evolutionary models that track the properties of the black hole population along cosmic time, such as merger tree models [15] . It is then interesting to see that the evolution of such a primordial seed population can naturally account for the current estimates of the density of black holes at low redshift ( Figure 7(b) ). In addition, an important and testable prediction of such models is that dwarf galaxies, which did not have any progenitor massive enough to seed a black hole, should not host a supermassive black hole. In particular, if the velocity dispersion of the galaxy is below ∼ 50 km/sec, the probability of hosting a black hole turns out to be negligibly small [15] . A key requirement for the above model to work is that the gas in the disc is cooling very inefficiently; otherwise, it would rapidly fragment and form stars rather than accreting to the center (see Section 2 above). Indeed, we require the gas to be free of the main coolants such as metals and molecular hydrogen. The process outlined above is thus going to be effective only before the intergalactic medium has been sufficiently enriched by metals and only where the gas is not excessively shielded by a UV background that tends to dissociate molecular hydrogen. This has led some to propose that the above mechanism only works at specific locations which satisfy the above conditions [75, 76] . Others [77] have instead proposed that even if fragmentation does occur, it would produce a compact stellar cluster whose eventual fate is still the formation of a supermassive black hole.
It is also interesting to mention that the process described analytically above has also been simulated numerically [78] , and the results appear to be in substantial agreement with the analytical expectations.
Finally, note that the models described in this section only describe how can a substantial reservoir of mass be accumulated in the innermost regions of pregalactic discs. The eventual fate of this large amount of mass is not described here. Most probably, it will form a massive object at the center of the forming galaxy, such as a "quasistar" [79] , where a seed black hole grows inside a large gaseous envelope which is accreting at rates which are super-Eddington for the hole, but not for the envelope itself. A detailed discussion of the physics associated with this is clearly beyond the scope of the present contribution.
Gravitational Instabilities, Angular Momentum Transport, and Fragmentation in AGN Discs

AGN Discs: Fragmenting or Nonfragmenting?
The situation described above changes dramatically when we consider lower redshift, that is, if we now look at the outer disc in AGNs. As mentioned above, typically, the condition of marginal stability Q ∼ 1 first occurs at a radius of the order of 0.01 pc from the central black hole. One can easily calculate the cooling rate, and the associated cooling timescale, at this radius, to find that it is typically much smaller than the dynamical time [2, 39] . Stated otherwise, the heating rate needed to keep a marginally stable (Q ∼ 1) disc in thermal equilibrium is much larger than what can be provided by a viscous disc with reasonable values of α [1, 80] . If we now consult the results of the numerical simulations described in Section 2, we would simply conclude that the fate of such discs is to rapidly fragment into a number of bound objects. This is often interpreted as leading to intense star formation in the disc. However, it is worth noting that the dynamical time at 0.01-1 pc from a 10 8 M black hole (which is the time needed for the density perturbations to grow under the effect of the gravitational instability) (It is also easy to show that this is also the internal dynamical time of the fragments formed by instability in a Q ∼ 1 disc.) is of the order of a few to a few thousand years. This is much shorter than the typical timescale associated with star formation in the solar neighbourhood, which is of the order of 10 6 years. Now, clearly, star formation in the Galaxy occurs under significantly different conditions, as the local molecular clouds are much less dense than the fragments (14) and (15) . The black solid line refers to z = 10, while the red line refers to z = 20. The long-dashed line shows the effect of reducing Q from 2 to 1.5. The short dashed line shows the effect of not including the possibility of fragmentation (more details can be found in [14] ). (b) The integrated density of black holes predicted from a merger tree evolution of the black hole seed population. The three solid lines refer to three different choices of the parameters (see [15] for details). The dashed area indicates the observationally permitted region from estimates of the black hole density at low redshifts. At high redshift (z 6), the density reflects the one attained after the seed formation phase, while the rise at lower redshifts indicates the growth through AGN activity.
produced in a fragmenting disc in this context. However, local star formation can also teach us something: indeed, the relatively long lifetime of molecular clouds in the Galaxy is due to the fact that rather than thermally supported, they are mostly supported by turbulent motions. The same might happen here: a fragmenting disc might produce a number of clouds whose dynamics is controlled by turbulent motions, which prevent their further collapse to form stars. In this case, the effective "cooling time," rather than the radiative timescale, would be the timescale for turbulence decay, which is of the order of the dynamical time and would thus be close to the threshold discussed in Section 2 [81] .
A second thing to keep in mind is that if the disc extends to large distances, of the order of a parsec or so, its mass can become a significant fraction of the black hole mass and we might thus enter the regime where the dynamics associated with the gravitational instability is global rather than local. In this case, as already discussed, the energy balance should include some extra "global" terms, [51] , arising from wave transport of energy, which might provide the required energy to prevent fragmentation in the outer disc. In this picture, a density wave might remove free rotational energy from the inner disc, but rather than dissipating it locally (as would a standard viscous process do), it might carry it a long way out along the wave and release it at large radii, where the wave is dissipated. As seen above, the evolution of such massive discs is generally highly variable, with episodes of strong accretion and black hole feeding followed by more quiescent periods where the accretion rate is small. Such a time variable accretion model has also been sometimes proposed by Collin and Zahn [82] .
From the numerical point of view, simulations of the disc dynamics in this fragmenting regime are the most challenging, as the density in the clumps rapidly rises thus slowing down significantly the simulation. As a result, we still do not know in detail what is the fate of the disc: how much mass is turned into "stars" and what fraction of the disc mass is able to accrete to the central black hole rather than onto the forming stars [83] . Clearly, if most of the disc mass ends up in stars, it would be disastrous for black hole feeding, and we would thus conclude that only gas with very low angular momentum, which would circularize within the Q ∼ 1 radius at 0.01 pc would accrete onto the hole. This is the basic assumption behind the chaotic accretion scenario proposed recently [84, 85] .
The presence of a significant stellar component within the disc can also in principle significantly affect the overall disc dynamics. Indeed, it has been proposed [86] that even if it constitutes a minor fraction of the overall disc mass, a stellar component in the disc is able to excite low-m global spiral modes, even in a relatively low mass disc, and would thus provide a significant source of angular momentum transport, thus allowing accretion even from distances of order of several parsecs [19] .
In the context delineated above, an important role is played by the evidence that has been gathered in the last few years, which points to the presence of a large number of young stars very close to the supermassive black hole at the center of our own Milky Way [87, 88] . In particular, most of these stars appear to belong to two distinct stellar discs orbiting at roughly the same distance to the black hole, that is, at a distance of 0.05-0.5 pc [8, 89] . The most likely explanation for the origin of these stars in that they formed in situ and in particular from the fragmentation of a self-gravitating accretion disc [89, 90] . Such observations thus fit naturally in the context described above, since we know that at parsec distances an AGN accretion disc would be self-gravitating and its cooling time is expected to be short enough to induce fragmentation. The conditions in the Galactic Center might be typical of other galaxies, where a nuclear starburst can be a result of the very same mechanism [91, 92] .
Hints from Maser Dynamics.
As mentioned above, there is clear observational evidence of the presence of significant mass in gas at parsec scales from the central black hole, in the form of maser emitting clumps. Such maser spots can effectively be used as a probe of the disc dynamics, as we can infer their rotation curve and hence probe the potential in the galactic nucleus. In most cases, as for example, the case of NGC 4258, the resulting rotation curve is very close to Keplerian [10] , and it thus allows a very precise determination of the mass of the central BH, which for NGC 4258 is 3.6 × 10 7 M (see also the recent compilation of Keplerian rotation curves obtained through maser emission by [93] ).
However, in many other cases the rotation curve, while still displaying a smooth declining profile, as would be expected for a rotating disc, does not follow exactly Kepler's law. This is, for example, the case of NGC 1068 [11, 94] , of the Circinus galaxy [95] , and of NGC 3079 [96] . In particular, for the case of NGC 1068, the maser data are consistent with a circular velocity v φ ∝ r −0.31 [11] . Given the discussion above, which shows that at a scale of a fraction of a parsec, where the maser spots are detected, the disc can be self-gravitating, it is then tempting to attribute such (often small) deviation from Keplerian rotation to the contribution of the disc self-gravity.
A detailed fit to the circular velocity traced by water masers in NGC 1068 with a model which incorporates both the gravitational field of the black hole and that of the disc has been performed by Lodato and Bertin [33] , by using self-regulated models of massive discs. The resulting black hole mass is M = (8.0 ± 0.3) 10 6 M and the disc mass is approximately equal to the black hole mass. From the required disc surface density, it is then possible to obtaiṅ M = (28.1 ± 0.2) αM /yr. The mass accretion rateṀ can be estimated, for example, from the bolometric luminosity aṡ M ≈ 0.23 M /yr, and we thus obtain also an estimate of α ≈ 8.3 × 10 −3 , which is of the right order of magnitude as would be expected from the transport induced by gravitational instabilities.
Gravitational Instabilities and the Process of Binary Black
Holes Merger. A related issue is connected to the process of black hole mergers. Black hole pairs are a natural byproduct of hierarchical galaxy formation, as a consequence of the merger of two galaxies each containing a nuclear black hole. Stellar dynamical processes are able to shrink the binary down to separations of the order of 1 pc [97] . Additional gas dynamical processes can reduce the separation down to 0.1 pc or so [98, 99] . Below 0.001 pc, the emission of gravitational waves can shrink the binary further and lead to the merger of the two black holes. Such black hole mergers are indeed expected to be a primary source of gravitational radiation (and a prime target for gravitational wave detectors, such as LISA). However, an outstanding question is how to reduce the binary separation from 0.1 pc to 0.001 pc. Given the essential lack of observational evidence for sub-pc black hole binaries, we know that the process needs to be fast. It has been frequently suggested that the role of gaseous discs at sub-pc scales can provide the necessary torques to produce such fast evolution.
The problem is in several ways connected with the issues discussed above. Indeed, both in the case of mass accretion to feed a single central black hole and in the case of reducing the separation of a black hole binary, the problem is how to dispose of the large orbital angular momentum. The internal torques within an accretion disc (whether "viscous" and thus local, or globally related to gravitational instabilities) could be the natural way to remove the excess angular momentum also in the case of a binary. In reality, in the case of a binary, the angular momentum transfer process is mediated by disc tides. A secondary black hole carves an annular gap within an accretion disc. It is the gravitational force between the disc and the satellite to remove the angular momentum from the satellite and reduce the binary separation. Viscous torques within the disc are then essential in redistributing the angular momentum taken up by the gas and transport it to large radii. The circumbinary disc then evolves subject to a source of angular momentum from its inner edge, in a way that has been termed a "decretion" disc [100] . The binary evolution timescale in this case is given by [16, 101, 102] 
where t ν is the disc viscous timescale, M disc (a) = 4πΣ(a)a 2 is a measure of the local disc mass at the binary separation a, and M s is the mass of the secondary black hole. The dependency on t ν indicates the fact that viscous torques in the disc are ultimately responsible for the removal of angular momentum, while the factor depending on the relative mass of the disc and of the secondary indicates that if the inertia of the secondary black hole is much larger than the disc, then the shrinking must necessarily take much longer. At 1 pc, the viscous timescale is already of the order of 10 8 years, and we thus see that if the disc mass is much less than the secondary mass, the shrinking timescale rapidly grows and can become exceedingly long for the merger to take place. Disc-assisted merger then requires large disc masses, comparable to the secondary black hole, which are thus likely to be subject to gravitational instabilities.
Once again then, the dynamics of the gas disc at ∼ 0.01 pc from the central black hole is essential in order to understand the evolution of the system. Lodato et al. [16] have studied the evolution of such systems. In particular, they have considered the case of a 10 8 M primary black hole and of a secondary black hole with a mass ratio q = 0.1. They have shown that, when neglecting the possible fragmentation associated with gravitational instabilities, disc torques are able to shrink the binary and allow the merger of the two black holes within a Hubble time. On the contrary, when the disc is subject to fragmentation in the self-gravitating regime (assuming that in the self-gravitating state, enough mass is turned into stars in order to keep the disc marginally stable), the shrinking stalls and the merger does not take place. One such calculations is shown in Figure 8 . Here the initial separation of the binary was 0.05 pc and the mass ratio was q = 0.1. The two lines refer, respectively, to the case where the disc is allowed to fragment and form stars (solid line) and where fragmentation is ignored (dotted line). The effect of fragmentation is to inhibit completely the merger process.
Fragmentation thus has a severe impact on the ability of the disc to induce a black hole merger in a reasonable time. The rapid effect of fragmentation sets an upper limit to the effective mass of a gaseous disc. To avoid the disc becoming self-gravitating, the disc must have Q 1 and so must have a mass at most M d /M p H/R (see Section 2). On the other hand, we must also require that the disc mass be at least comparable to the secondary mass in order for the viscous torques to be able to remove the secondary angular momentum. With a typical aspect ratio H/R of order of a few times 10 −3 , one can conclude that disc-assisted mergers only work for mass ratios q 0.001.
Conclusions
AGN discs become self-gravitating at a distance of about 0.01 pc from their central black hole. The development of gravitational instabilities in the disc can be both beneficial and detrimental for the process of black hole growth. Indeed, a beneficial effect is provided by the ability of gravitational instabilities to redistribute angular momentum within the disc and thus promote accretion. A detrimental effect is instead produced by the possibility of fragmentation, which could in principle turn most of the gas mass into star and thus remove it from the accretion flow. In this contribution, I have reviewed the recent progresses that we have made in the last ten years in our understanding of the nonlinear evolution of gravitational instabilities in gaseous discs, and in particular, on the parameters (most importantly, the disc cooling rate), that determine whether the instability saturates at a finite value-thus providing a quasisteady source of angular momentum transport in a self-regulated way-or rather fragments into bound objects.
Despite the impressive progresses made from the theoretical point of view, the application to AGN discs is not straightforward. Indeed, it turns out that the cooling timescale at the radius where the disc is self-gravitating is way to short to support a self-regulated state. This has led some authors to propose that AGN discs are effectively truncated at the self-gravitating radius. On the other hand, the evolution of a fragmenting disc is still not well understood, and it is not at all clear that the onset of fragmentation would totally preclude accretion. On the contrary, observational evidence such as the presence of Keplerian or quasi-Keplerian maser emitting gas at parsec scales in several AGNs, and the lack of observed black hole binaries at sub-pc scales-which in turn require the effective dynamical presence of a massive gaseous disc-hints to the importance of discs in the self-gravitating regime. Finally, it is worth noting that the presence of young stars in our own Galactic Center is indicative of the fact that star formation does effectively take place in the discs surrounding nuclear black holes.
A relatively better-understood evolution occurs at high redshifts, z ∼ 10 or so, where the intergalactic medium was still not significantly polluted with metals and thus the cooling properties of the gas were significantly different. In these cases, fragmentation would be inhibited and the transport of angular momentum due to gravitational torques would naturally provide a way to accumulate large amounts of gas (up to 10 5 M ) in the central regions of pregalactic discs, potentially opening the way to the rapid formation of black hole seeds by direct gas collapse.
